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We propose a new r\-r( mixing scheme where we start from the quark flavor basis and assume 
that the decay constants in that basis follow the pattern of particle state mixing. On exploiting 
the divergences of the axial vector currents - which embody the axial vector anomaly - all basic 
parameters are fixed to first order of flavor symmetry breaking. That approach naturally leads to 
a mass matrix, quadratic in the masses, with specified elements. We also test our mixing scheme 
against experiment and determine corrections to the first order values of the basic parameters from 
phenomenology. Finally, we generalize the mixing scheme to include the rj c . Again the divergences 
| of the axial vector currents fix the mass matrix and, hence, mixing angles and the charm content of 

the r\ and r)'. 
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PACS: 14.40.Aq, ll.40.Ha, 11.30.Hv 



I. INTRODUCTION 



77 — 77' mixing is a subject of considerable interest that has been examined in many investigations, see e.g. and 
references therein. As it is well-known [pi, the U(1)a anomaly plays a decisive role. For the octet-singlet mixing angle 
6 of these pseudoscalar mesons values in the range of —10° to —23° have been obtained depending on details of the 
1 analysis, see e.g. ||. The phenomenological analysis often involves decay processes where, besides state mixing, also 
(^) weak decay constants appear. The decay constants are defined by 
OO ■ 

Ov (o\j i (l5 \P(p)) = ir pPfl (» = 8,i; p = vM), (1.1) 

O |' where J® 5 denotes the SU(3)f octet and J* 5 the SU(3)f singlet axial-vector current, respectively. Frequently, it is 
assumed that the decay constants follow the pattern of state mixing: 

j§; /s=/ 8 cos0, /!=-/! sinff, 

/*=/ 8 sin0, /* = /tcos0. (1.2) 

However, recent theoretical Q as well as phenomenological investigations have shown that Eq. (1.2) cannot be 



correct. Adopting the new and general parametrization 



/J=/ 8 cos0 8 , /£ =-h sinflr , 

# = / 8 sin 8 , /*,= £ cos ft. (1.3) 

6\ and 0s turned out to differ considerably. The phenomenological analysis , which involved the combined analysis 
of the two-photon decay widths of the rj and 77', the rjj and ^'7 transition form factors a nd t he additional constraint 
from the radiative Jji\> decays, allowed to determine the four quantities occuring in Eq. (|l.3| ). Most importantly, the 
values obtained satisfy the constraints |(J from chiral perturbation theory (ChPT). 

The appearance of the four parameters /8,/i,$8j$i raises anew the problem of their mutual relations and their 
connection with the mixing angle of the particle states. This angle is necessarily a single one since mixing with higher 
states - the r\ c for instance - can be neglected at this stage. The relation of this angle with the four parameters in 



Eq. (1.3) does not need to be simple: in a parton language H the decay constants are controlled by specific Fock 
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state wave functions at zero spatial separation of the quarks while state mixing refers to the mixing in the overall 
wave functions. 

In this work we express r\ and rj as linear combinations of orthogonal states 7y q and rj s which can be generated 
by the axial vector currents with the flavor structure qq = (uu + dd)/-\/2 and ss, respectively. They are chosen in 
such a way that both states have vanishing vacuum-particle matrix elements with the opposite currents, i.e. their 
lowest Fock space components have the compositions qq and ss, respectively. Our motivation for choosing this specific 
basis comes from the fact that the breaking of SU(3)p by the quark masses influences the two parts differently, and 
from the observation that vector and tensor mesons - where the axial vector anomaly plays no role - have state 
mixing angles very close to the ideal mixing angle Oideai = arctan\/2. We will demonstrate that the proper use 
of this quark flavor basis provides for new insights and successful predictions. We point out that we employ fixed 
(momentum-independent) basis states. Thus, our state mixing angle is momentum independent and well-defined also 
in any other basis obtained by an orthogonal transformation. This differs from other possible approaches in which 
momentum dependent mass matrices are introduced (see, for instance, |^]). The decay constants, on the other hand, 
will in general depend on q 2 , i.e. the particle states and masses, and will thus require a parametrization by two 



different mixing angles as in (1.3). These angles depend on the basis which is used for the definition of the decay 
constants. As described below, the basic assumption which we will use in this paper is that the decay constants 
follow the state mixing if and only if they are defined with respect to the quark basis. In this circumstance the two 
angles for the decay constants obtained in this basis and the corresponding state mixing angle coincide and are thus 
momentum-independent . 



Defining now decay constants analogous to Eq. (1.1) but with i = q, s and denoting the r\ - rj mixing angle that 



describes the deviation from ideal mixing, by <f>, we propose 

/„ q = / q cosf /* = -/ B sin 



A=/ q sin0, f s „,= / s cos0. (1.4) 



That the decay constants in the quark flavor basis follow in this way the pattern of particle state mixing is our central 
assumption. It is equivalent to the requirement that the contribution / q (/ s ) to the decay constants obtained from the 
Vq (Vs) components of the wave functions is independent of the meson involved. This assumption appears plausible but 
we have no rigorous justification for it and have to test it. It is certainly restrictive as will be shown in Sect. first, 
it reduces the number of parameters again to three. Secondly, by invoking the divergences of the currents, the angle 
(j> is connected to / q // s . Finally, flavor symmetry fixes / q and / s to first order of SU(3)f breaking, leaving us - to this 
order - with no free parameter. Mass mixing of the pseudoscalar mesons is also discussed in this section. Numerous 



phenomenological checks are possible and performed in Sect. III. We determine phenomenological values for the three 
parameters from the data and check for consistency with ChPT and the earlier determination M of the four quantities 



f&, fi, 0&i &i- Our scheme will then be generalized to include the rj c in Sect. [V. The generalized approach allows to 
estimate the quark content of the three pseudoscalar mesons, the mixing angles and the charm decay constants f£ 
and fZ which attracted much interest in the current discussion |l0|-|l3|] of the rather large branching ratio for the 
process B — ► Krj as measured by CLEO pl|j . Our summary is presented in Sect. [v|. 



II. THE qq - ss MIXING SCHEME 

The two states rj q and ?7 S are related to the physical states by the transformation 



where U is a unitary matrix defined by 



J) = uw J], 



U{a) = ( C ° SQ ~ Sma ). (2.2) 
1 sma cos a ' 



We assume that the physical states are orthogonal, i.e. that mixing with heavier pseudoscalar mesons (e.g. the r] c ) 
can be ignored, see, however, Sect. |y|. We stress that as long as state-mixing is considered, one may freely transform 
from one orthogonal basis to the other. For example, the standard octet-singlet mixing angle is given by — cj> — #idcai- 
According to our central assumption described in Sect. 1, we take 



U(<P) F, T = J j} r . (2.3) 
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Transforming the non-strange and s tran ge axial-vector currents into octet and singlet currents, one can also connect 
the decay constants defined in Eq. (1.1) to / q and / s 

fl) = C/ (^)^ t/t (^) ( 2 - 4 ) 



with the result 



and thus 



/ 8 = ^1/3/2 + 2/3/2 , 9 8 = - arctan(V2 / s // q ) , 

h = ^2/3/2 + 1/3/2 , 1 = cf> - arctan(V2/ q // 8 ) (2.5) 



tan(^ - 9 S ) = 72/3 (/„//„ - fjf s ) . (2.6) 



These results clearly show that, as a consequence of SU(3)f breaking, at most for a single choice of the basis states 
the matrix of the decay constant s fo llows the particle state mixing as in Eq. (2.3). For the reasons mentioned in 
the introduction we assume Eq. (2.3) to hold in the qq-ss basis. It implies that the decay constants of the mesons 
are mass independent superpositions of / q and / s . The difference between our ansatz for the decay constants and 
the customary ones lies in the treatment of SU(3)f breaking effects, which naturally manifest themselves in the ratio 
/q//s 7^ 1. In order to proceed we consider the divergences of the axial vector currents. They embody the well-known 
axial vector anomaly, for instance 

=^(s7 m75 s) = 2m s (si 75 s) + ^GG . (2.7) 

G denotes the gluon field strength tensor and G its dual; rrii denote the current quark masses. The vacuum-meson 
transition matrix elements of the axial vector current divergences are given by the product of the square of the meson 
mass, Af|,, and the appropriate decay constant. For instance, 

(0|9^ 5 h) = M^/, s ■ (2.8) 

The mass factors, which necessarily appear quadratically here, can be considered as the elements of the particle mass 
matrix 

With the help of Eq. ( pT^ ) the matrix elements of J^ 5 (i — q, s) can then be identified as those of the matrix product 
M 2 U((/))!F. Transforming it to the quark flavor basis and solving for the mass matrix 



Ml^U^^M^^) , (2.10) 



one easily finds 



%(0\%GG\rh) ml + j-(0\^GG\ Vs 



where we use the abbreviations 

2 — 9 2 . 

m qq = ~T (°l m uUi75U + m d di75d|r, q ); m ss = — (0\m s sij 5 s\r] s ) (2.12) 

Jq Is 



for the quark mass contributions to -M qs . As expected, the anomaly is the only source of the non-diagonal elements. 
The symmetry of the mass matrix forces an important connection between the ratio of couplings of our basis states 
to the anomaly 

^(Ol^GGIrfe) /. 
^liiTT — JJfl = ±1 . (2.13) 

(0\^GG\ Vq ) fs 
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For later use it is also convenient to introduce the abbreviation 



a 2 = 



V2f q 



I- 



GG\ Vq ) 



for the anomaly contribution to the mass matrix. On account of Eqs. ( |2.1C ) and (2.11) both, 
expressed in terms of the masses and the mixing angle <fi 



(2.14) 



and y, can be 



M 2 sin 2 



4> — m 



qq 



(M 2 -A/ 2 ) sin 20 
2V2a 2 



(2.15) 
(2.16) 



The combination of Eqs. (2.13) and ( p. 16 ) provides an interesting relation between f a / f s and the m ixing angle 4>. A lso 
worth noting is the relation between <f> and 9a. that is obtained by combining Eq. (2.5) with Eqs. (2.12) and (2.16) 



cot 9a 



This relation holds up to corrections of order m 2 q /Mj> 



Ml 



tan < 



(2.17) 



Flavor symmetry allows to relate and m^ s , defined in Eq. ( |2.12 ), to the pion and kaon masses. To the order 
we are working, one gets 



Mi 



2M 



K 



Mi 



(2.18) 



These relations allow for a first and - to the given order - parameter-free application of our scheme for the determi- 
natio n of a ll qua ntitie s relevant for 77 -77' m ixing provided the values of the physical particle ma sses are given. Using 
Eqs. ( 2.15 ) and ( 2.16 ) as well as Eq. ( 2.18 ) for the corresponding elements of the mass matrix ( 2.11 ), we evaluate cj>, 



and y, and hence 6. The results for these quantities are listed in Table |[ 



For a theoretical estimate of / q and / s we take over their particle independence which was necessary for Eq. (1.4) 
to hold, to the 7r and the K meson. We retain the difference between the pion and kaon decay constants as a first 
order correction due to flavor symmetry breaking: 



fa — I it 



2/1 



J 7T 



(2.19) 



Note that U-spin considerations provide a linear relation between the decay constants / s , fn and fa which, to the 
consi der ed order of flavor symmetry breaking, can be replaced by the above quadratic relation. As can be seen from 
Eq. ( |2.6|) , these theoretical results for / q and / s lead to a substantial difference between 9\ and 6s- Only in the strict 
SU(3)f limit where / q = / s (or, equivalently, Jk = fir or /g = fi) one would have 6\ = &s = 9, with 9 being the 
octet-singlet mixing angle. According to Leutwyler fix, ChPT provides two relations (up to l/N c corrections) among 
the decay constants 



1 



f 2 



f f 1 



f, f\ 

J ?7 J 77' 



2V2 



(fx - fl)- 



(2.20) 



It can easily be verified that, on using Eq. ( 2.1 9| ) , these relations are satisfied in our approach. By mea ns of Eq. ( |2.5| ) 
the theoretical values of fs, fi, 9$ and 9\ are determined by the decay constants presented in Eq. (2.19) and the 
mixing angle <fi computed from the mass matrix (see Table ^ below). The numerical values of the mixing parameters, 
resulting from Eqs. ( p.lS| ),(2.19), may, of course, be subject to sizeable corrections (of Q(l/ N c ) in the language of 
ChPT) . As an example of the size of such corrections we note that from Eqs. fl2.19D and fl2.13| ) y = 0.71 follows which 
differs from the value obtained from the mass matrix, see Table || The corrections to the mixing parameters will 
phenomenologically be estimated in the next section. 

The considerations presented in this section nicely demonstrate that our approach is indeed very restrictive. To 
the order of flavor symmetry breaking we are working, there is no fr ee parameter left. As i s to be emphasized this 
interesting outcome crucially depends on the central assumption (1.4). If, in analogy to Eq. (1.3), we allowed for two 
angles in the quark flavor basis for the parametrization of the decay constants, our approach would loose its predictive 
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power completely^]. In the next section we will confront our approach with experiment. We determine the mixing 
angle <f> and the basic decay constants / q and / s phenomenologically and look for consistency and for deviations from 
the first order of SU(3)f breaking. 



III. THE PHENOMENOLOGICAL VALUES OF 



Several possibilities to extract the value of the mixing angle from experiment have been discussed in the literature, 
see. for instance, §Ul|@. We can profit from thes e pape rs by properly adapting them to the qq — ss mixing scheme. 
We note that in the phenomenological analyses (I]|^,[l5|,|l6| some additional simplifying assumptions had to be made. 
Thus, for instance, OZI-suppressed contributions or mass dependencies of form factors and coupling constants are 
ignored. We start by first discussing processes which are independent (or insensitive) to the decay constants and allow 
a one parameter fit of the particle state mixing angle (f>. 

• The decay J/ip — > Pp: We consider the ratio of the decay widths T[J/ip — > rf p\ and T[J/tp — > rj p]. In these 
processes G-parity is not conserved, they proceed through a virtual photon (see Fig. Qa). Contributions from the 
isospin- violating part of QCD are supposedly very small as can be inferred from the smallness of the J/ip — * tfiir 
width and will be neglected. The calculation of the decay widths requires the knowledge of the p-P transition 
form factors at momentum transfer q 2 = M 2 ^. On account of the flavor content of the p meson, this transition 

form factor only probes the r] q components of the rj and rj' if OZI-suppressed contributions are neglected. Hence, 



F, 



p-n (<1 ) 



<t>F p ^{q 2 ), 



sin. 



7 



>F n ^(q 2 ). 



(3.1) 



and therefore 



T[J/iP->r/p] =tan2 ^ ( K'p 

T[J/lp ^T] p] ' \krjp 



(3.2) 



where 



kp V = M JH> [1 - (Mp + M 2 )/M 2 ^} /2. 



(3.3) 



From the experimental value 0.54 ± 0.11 for this ratio of decay widths |17| we obtain 4> = 39.9° ± 2.9°. Almost 
the same value for cj> has been found in an analysis of all isospin- 1 J/ip — » PV decays (including pions) 16 1. A 
global fit to all J/ip — > PV decay modes on the basis of a particular model, yields (f> = 37.8° ± 1.7° 16j. Because 
of its model dependence we will not use the latter result in evaluating the average of the mixing angle. Since 
in the derivation of Eq. ( |3.2| ) only the mixing angle of the particle states enters, one may freely transform from 
the qq — ss basis to the octet-singlet one as was done, for instance, in |]l6| . Nevertheless, the simple relation 
between the ratio of decay widths and the mixing angle, independent of the dynamics, is an advantage of the 
qq — ss basis used here. In the octet-singlet mixing scheme one would have to deal with a linear combination of 
two a priori different form factors. We will profit from this advantage also in the following five processes. 



The decays rf —> 
covariantly [[18| 



P7 and p — > 777: The transition matrix elements controlling these processes can be decomposed 



(jP(p P )\T\p(p p )) = -eg pPl e^xa P P £ { ^ )v PZ- 



p p 



(3.4) 



leading to the following expressions for the decay widths 



IV 



Pi] = a 9 2 pv 'j k l > 



T[p 



(3.5) 



1 Using the phenomenological parameters found in 
mixing angles, (/> q and <p B , defined in analogy to Eq. 



fact that the two angles nearly coincide give direct support to the validity of Eq. ( [L.4| 



and translating them into the quark flavor basis with admission of two 
one finds / q = 1.09 / T ; / s = 1.38 f n ; 4> a = 39.4° and <t> s = 38.5°. The 
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where 



h = Mi [1 - Ml/M?}/2 , (3.6) 

being the 3-momenta of the final state meson f. Mj denotes the mass of the decaying meson, a is the fine 
structure constant. Using state mixing ( |2.l| ), one finds 

fc=tan0. (3.7) 

9pv~t 

From the measured decay widths fll7|w e obtain for the ratio of the pr]{r)')^j coupling constants the value 1.41±0.29 
from which <j) = 35.3° ± 5.5° follows^. 

The decays T — ► P\P-2'- Here T denotes a 2 ++ tensor meson and Pi refers to a pseudoscalar meson. Most 
suitable for a rather model-independent determination of <f> are the 77(77')^ decay modes of the a 2 . Using the 
same assumptions as before one gets 

^^-tan^f^V, (3.8) 



T[a 2 — > ry 7r] \k 



where kp^ is defined analogously to Eq. (|1|). From the experimental value for that ratio, 0.039 ±0.008 fTi| , we 
obtain <f> — 43.1° ± 3.0°. In Jl6| the whole class of T — > P\P 2 decays has been analyzed in a model-dependent 
way recently. An overall fit to the data is consistent with (f> ~ 39°. 

The decay D s — > Pev: The ratio of decay widths T[D S — > vj 'ev]/T[D s — > r\ev\ is determined by the D s — > rf, r\ 
form factors /? (q 2 ) and f+(q 2 ). Using a pole ansatz for their q 2 dependence [[l9) one can extract from the decay 
rates the form factor ratio at q 2 = which - in our scheme - is simply equal to cot <j>. The analysis using a 
monopole behavior with the D* pole see Fig. |]b and CLEO data (2(J gives the value of 1.14 ± 0.17 ± 0.13 and, 
hence, = 41.3° ±5.3°. 

The scattering processes -K~p — > Pn: At high energies the ratio of the cross-sections should be independent of 
phase-space corrections and is given by P,|16[ 



(t(tt p — > rj'n) 
a(ir~p — > rj n) 



tan 2 4> (s > M 2 P ) (3.9) 



The two experiments lead to <f> = 36.5° ± 1.4° [gl| and 39.3° ± 1.2° |2J. Since the two results are not fully 
consistent with each other we will double the errors in the evaluation of the averaged value 4>. 

Annihilation processes pp — > PM (M = ir ,!]^): The Crystal Barrel Collaboration ]23| ] measured the ratios 
for annihilation into rjM and rj' M and quoted a value of (f> — 37.4° ± 1.8° for the mixing angle. However, since 
the experiment was carried through at low energies, the result for <fi is rather sensitive to phase space factors 
and to the momentum dependence of the annihilation amplitudes. We therefore discard that value of </> in the 
determination of the averaged mixing angle although it will turn out to be consistent with it. 

The decay J/ip — * P7: According to p4] , ^5[ the photon is emitted by the c quarks which then annihilate into 
lighter quark pairs through the effect of the anomaly. Thus, the creation of the corresponding light mesons is 
controlled by the matrix element (0\j^GG\P) . The photon emission from light quark s is negligibly small as 



seen from the smallness of the tt~/ decay branching ratio. Using Eqs. ( 2.11 , 2.13 ) and ( 2.17 ) as well as setting 
m,u,d = 0, we have 



Wf - >/7] A v ( V \ ( k 



2 One may extend this analysis to the u> and <f> cases. Ignoring the small effect due to the u> — (f> mixing, one derives g^ri'-y I ' y^n-t — 
tan<j!> and g^'f/y^ni — cot(f>, respectively. From the measured values/bounds |l7| we obtain (f> ~ 37° ± 8° and (f> > 21°, 
respectively. 



G 



From the measured value |L7| Rj/^ — 5.0 ± 0.6 the mixing angle <p becomes 39.0° ± 1.6°. Obviously, Eq. (3.1C) 
is not equivalent to the naive singlet dominance prediction for which the factor cot 9g would have to be replaced 
by cot 9. As we learned in Sect. O, 9s markedly differs from the octet-singlet mixing angle. 



r 

j/ip — o~~~0 



Vq 



D R — 



b) 




FIG. 1. a) Electromagnetic contribution to J/ip — > pr\,r( . b) Pole ansatz for the D s — > Plv semi-leptonic decay. 



A weighted average of the above seven high-lighted values yields 

= 39.3° ±1.0°. 



(3.11) 



Quite remarkably, the values for (f> obtained from very different physical processes are all compatible with each other 
within the errors. This is not the case in the octet-singlet scheme (#8 = 9\ — 9) where values varying from —10° to 
—23° have been found for 9 |} 15 16[]. The phenomenological value of <fi does not differ substantially from the leading 
order value, i.e. the higher order flavor symmetry breaking corrections, absorbed in the phenomenological value, are 
apparently not large (see Table [jj) . 

Having fixed the mixing angle, we are in the position to determine phcnomcnologically the ratio of the decay 



constants / q and / s by combining Eqs. (2.13) and (2.16). We find, with m 



qq 



M 2 



U/fs =y = o.8i ± 0.03. 



(3.12) 



It is amusing to note that the replacement of the kaon mass by an effective mass of 508 MeV in the mass matrix 
introduced in Sect. || reproduces the phenomenological values of <j), a 2 and y exactly. 

• The decay P — > 77: The two-photon decays of the 77 and the 77' provide independent information on the two 
decay constants. Expressing the PCAC results, see m and references therein, for the two-photon decay widths 
of the 77 and rj' in terms of cf>, f q and / s (C q = 5/9v / 2, C s = 1/9) 



rfo 
iy 



77 j 



77] 



9a 2 
16tt 3 

9a 2 
16tt 3 



Ml 



M 3 , 



C q COS< 



C q sin< 



C s sin< 



h 

C s cos< 



(3.13) 



and solving for / q and / s , we arrive at 



_ 3C q o; 

/q ~ 4^/2 

= 3C s q 



cos 



sin < 



^[77 Z 77 ]/M 3 + sin ^iy ^ 77 ]/M3 



<t> JT^ - 77 ]/M3 + cos <P JY[rf -+ ll]/Mf y 



(3.14) 



We evaluate Eq. ( 3.14| ) with the mixing angle according to Eq. ( |3.1l| ) and the following experimental values 
for the decay widths T[r) -> 77] = (0.51 ± 0.026) keV and T[rf -> 77] = (4.26 ± 0.19) keV [0. The value of 
0.324 ± 0.046 keV, obtained from the Primakoff production measurement of ry — > 77, is not included. It turns 
out that f s is not well determined this way, it acquires a rather large error / s = (1.42 ± 0.16) We therefore 
evaluate / s also from / q and the phenomenological value of the ratio y and form the weighted average of both 
values to find a more precise value for / s . By this means we obtain 



/ q = (1.07 ± 0.02) U, f s = (1.34 ± 0.06) f w . 



(3.15) 
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These values for the basic decay constants differ from the theoretical values (2.19) only mildly. Since, within the 
errors, both the values of / s determined here agree with each o ther, the experimental values of the two-photon 
decay widths are well reproduced by the parameter set (3.11), (3.15). 



As an immediate test of the parameters (3.11) and ( 3 . 1 5| ) we compute the P7 transition form factors along the 
lines described in detail in 0. We find excellent agreement between theory and experiment juj. The new results 
are practically indistinguishable from the fit performed in (x 2 /d.o.f. is 28/34 as compared to 26/33 in J?J). The 
form factor analysis is based on a parton Fock state decomposition of the physical mesons. The wave functions of the 
valence Fock states, providing the leading contribution to the form factor above Q 2 — 1 GeV 2 , are assumed to have 
the asymptotic form. The values of these wave functions at the origin of configuration space are related to the decay 
constants j?J. 

A comparison between the theoretical and phenomenological values of the mixing parameters is made in Table Q. 
As can be noticed there is no substantial deviation between both set of values, i.e. higher order 1/N C corrections, 
absorbed in the phe nomenological values, seem to be reasonably small. In Table [0] we list the values of the parameters 
defined in Eq. (1.3), i.e. in the parametrization introduced by Leutwyler ||, as obtained from various sources. The 
theoretical values of fg, fi, 8s are computed from the decay constants giv en in Eq. ( |2.19D and the theoretical mixing 
angle listed in Table | while the phenomenological values follow from Eqs. (3.11) and fl3.15| ). As can be seen the results 
obtained from the analyses performed in this work and in |||7j] agree rather well with each other. The conventional 
analyses, e.g. are not included in the table because the difference between 6> 8 and 9 1 is not considered. 



IV. GENERALIZING TO v~v'-Vc MIXING 



From the previous sections we learned that our central assumption (1.4) combined with the divergences of the axial 
vector currents leads to a variety of interesting predictions which compare well with experiment. The reason for this 
success is likely the rather large difference between the current masses of the strange and the up/down quarks. Since 
the charm quark mass is even heavier than the strange one, it is tempting to generalize to the qq-ss-cc basis and to 
assume a similar behavior for the decay constants of the 77-7/ -7y c system in that basis. Then we can write 



f q 



F 

J 17' 
■I 17c 



f 

■'</ 

J n„ 



tf(60„A)diag(/ q ,/s,/c) 



(4.1) 



with the following parametrization of the transformation matrix which now involve three angles 



U(<t>,6 y ,0 c ) := 



cos< 
sin <; 
sm(d 



— sine 

COS( 

cos(d) 



-9 C sinOy 
9 C cos 9 y 
1 



(4.2) 



We neglect terms of order 9 2 since the mixing between 77-77' and rj c is an effect of the order of the inverse 7y c mass, 
M nc , squared; therefore we have l/W = 1 + 0(9 2 ). The two new mixing angles 9 C and 9 y are related to the ratios 
f*,/f c and f£/f%- We have = -f c 9 c sm9 y , = f c 9 c cos9 y and = /, )c = f c , in accord with the definition 
utilized in |l2| . f Vc is the usual tj c decay constant; for its value we use the approximation f nc ~ /ju and double the 
experimental error of fj/^ for numerical calculations (f Vc — 405 ± 30 MeV, see pq|). Accordingly, the mass matrix 
in the qq-ss-cc basis reads (i, j — q, s, c), 



A^ 2 SC = C/t(0 j By, 9 C ) diag(M 2 , M 2 ,M 2 J Ufa 9 y ,9 c ) 



(4.3) 



On the other hand, generalizing Eq. ( |2.1l| ) and using the abbreviations ( 2.12| ), ( 2.1 3| ) and (2.14) introduced in Sect. O, 
we may write the mass matrix as follows 



M 



qsc 



qq 










V 



2a 2 
V2a 2 
V2a 2 



yV2a 2 

2 2 

y a 
yz a 2 



z\f2a 2 

yz a 2 

2 2 



(4.4) 



On exploiting again the divergences of the axial vector currents and t he p roperties of the mass matrix a number of 
consequences follows from which all new parameters appearing in Eq. (4.4) can be fixed 



Z = fq/fc 



"y — ^8 



K - m c 2 c 



■ 2 2 
+ z a 



(4.5) 
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and 



with a 2 as given in Eq. ( [2.15| ). Using the phenomenological parameter values quoted in Table |, we find the following 
numerical results: z = 0.35 ± 0.03; 9 C = -1.0° ± 0.1°. Since z 2 a 2 = 0.03 GeV 2 we have M 2 c = m 2 cc to a very good 
approximation. The charm decay constants of the r\ and the rj take the values 

f° = -(2.4±0.2)MeV = -(6.3 ± 0.6) MeV (4.7) 



Their values are in rough agreement with the results presented in ]13| , p7 28 but in dramatic conflict with the values 
quoted in . /5 lies well within the bound estimated in (?J . Our analysis supports the conclusions drawn in |13|1 

that the charm content of the rf is not the solution for the abnormally large B — > Krj 1 decay width, the explanation 
of which remains an open problem. 

Using the above values for the mixing angles <f>, 9 y and 9 C , we find for the quark content of the physical mesons 

\r] ) = 0.77 |r? q )-0.63 |ry s ) - 0.006 |rfco) 
\rf) = 0.63 \r, q ) + 0.77 \r, s ) - 0.016 |t7 c0 ) 

|r? c ) - 0.015 \r) q ) + 0.008 |%) + \ Vc0 ). (4.8) 

The charm admixtures to the r\ and rf are somewhat smaller than estimated in Q| but slightly larger than quoted in 
p8fl . A possible test for the rj c0 content is provided by the radiative J/ip decays. For the decays J/ip — > 777, 7/7 we 
used already the action of the gluons as described by the matrix elements of the anomaly (note that 6*8 = 9 y ). Since 
the rf has the rj C Q content 9 C cos #8 while the r] C Q content of r\ c is practically one, we expect 

fm^\ ~ 9c cos ° 8 WJ - \v2uMi ) UJ (49) 

The experimental number for this ratio, 0.33 ± 0.10 [^|, gives us another - admittedly less reliable - determination 
of the charm admixture in 77'. The result |# c cos6>8| = 0.014 ± 0.002 is in good agreement with the number contained 
in Eq. (O). 



V. SUMMARY 



In the description of rj - rf mixing there are five parameters involved, the mixing angle of the particle states and four 
decay constants. Motivated by the observation of nearly ideal mixing in vector and tensor particles we take as our 
basis the states according to their quark flavor compositions. Our central assumption is then that in this particular 
basis the mixing of the decay constants follows that of state mixing. This new mixing scheme is very restrictive. It 
fixes the structure of the mass matrix and predicts the mixing angle and the four decay constants up to first order in 
flavor symmetry breaking: 

i) The four decay constants arc immediately reduced to two constants / q and / s and a single angle <fi that is identical 
to the state mixing angle and describes the deviation from ideal mixing. 

ii) The divergences of the axial vector currents provide us with a mass matrix quadratic in the particle masses with 
off diagonal elements entirely determined by the anomaly. The old problem of quadratic versus linear mass matrices 
has found its answer. 

iii) The ratio of matrix elements of the anomaly are equal to the inverse ratio of the corresponding decay constants 
corresponding to the states of our basis. Using this result the mixing angle 4> can be calculated from / q // s . 

iv) SU(3)f relations fix / q and / s in terms of / w and Jk to first order in flavor symmetry breaking, and fix those 
parts of the mass matrix which contain the current quark masses in terms of M 2 and Mjj . The decay constants 
obtained this way obey the requirements of chiral perturbation theory which are known up to order 1/N C corrections. 

v) With these ingredients and by using the known masses of the physical states the mass matrix is over-determined. 
Although sizeable corrections to the flavor symmetry results could have been expected, the resulting parameter-free de- 
termination of the mixing angle and the decay constants is in reasonable agreement with a previous phenomenological 
analysis with unconstrained parameters. 

vi) We performed a new analysis and determined phenomenologically cj> and f q and / s from several independent 
experiments. All results were consistent with each other. Thus, the weighted average value for the mixing angle is 
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rather precise: we obtained <fi = 39.3° ± 1° which gives a single-octet mixing angle of 9 = —15.4° . For the angle 6*8 
which is responsible for the rj, rj' ratio in radiative J/ip decays we found a value of —21.2°. The values for f q and for 
/ s differ from the theoretical predictions (to first order of flavor symmetry breaking) only mildly. 

vii) It is straightforward to generalize the new mixing scheme to include the mixing with the r\ c which is of particular 
recent interest. Here the decay constant / c enters which we take equal to fj/^. With this ingredient the cc admixture 
of rj and rf could be determined in magnitude and sign. For the magnitude nearly the same number follows from 
the observed ratio of J/?p decays to rj' and rj c without invoking / c . For the decay constant /5 we find a value of 
-(6.3 ±0.6) MeV. 
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source 


h/fn 


fs/U 


4> 


e 


y 


a 2 [GeV 2 ] 


theory (Sect. 2) 


1.00 


1.41 


42.4° 


-12.3° 


0.78 


0.281 


phenomenology (Sect. Ill) 


1.07 


1.34 


39.3° 


-15.4° 


0.81 


0.265 




±0.02 


±0.06 


± 1.0° 


± 1.0° 


±0.03 


±0.010 



TABLE I. Theoretical (to first ord er of flavor symm etry breaking) and phenomenological values of mixing parameters. The 
parameter y is calculated using Eqs. ( |2.15| ) and ( 2.16 ). 



theory (Sect. 2) 



phenomenology 



1.28 
1.28 
1.28 
1.26 



1.15 
1.25 
1.20 
1.17 



-21.0° 
-20.5° 
-22.2° 
-21.2° 



-2.7° 
-4° 
-9.1° 
-9.2° 



TABLE II. Comparison of various theoretical and phenomenological results for the decay parameters defined in Eq. (1.3), 
see text. 
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